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As the air� ow velocity reachesU D 13 m/s, the wide region of LCO
ceases to exist and gives way to a static response.

As one would probably expect with further increase of the angle
of attack, the static responsetakesover completely,as seen in Fig. 2d
for ®0 D 4±.

Often in nonlineardynamics it is of interest to study the effectsof
changes in initial conditions on the system’s response. A variety of
different initial conditions were tested. The results show that there
are some subtle changes in the response of the sytem. For exam-
ple, an angle of attack of ®0 D 3± was considered, and the results
were obtained for three sets of initial conditions:x1.0/ D [0; 2±; 0]T

(as before), x2.0/ D [2±; 0; 0]T , and x3.0/ D [0; 0; 0:5]T . Note that
Px.0/ D [0; 0; 0]T in all three sets. For most of the U interval, there
are no substantial differences due to different initial conditions.By
this we mean that, for all considered initial conditions, regions of
stable LCO, or chaoticmotions, or static points begin and end at the
same values of the air� ow velocity U. Also, the numerical values of
the response for static points and LCO remain unchanged at least
to the second digit after the decimal point, whereas values of the
averaged chaotic response may change in the � rst or second digits
after the point. However, in the interval of U »D 7–13 m/s, different
initial disturbanceslead to the differentbehaviorpatternsof the sys-
tem: The � rst set of initial conditionsproduces two small regionsof
LCO at U D 8:5–9:5 and 11.5–12.5 m/s, and the second set results
in the dominance of static points, and at the same time, the third set
gives rise to an LCO region for U D 9–12:8 m/s. For brevity, these
results are not shown graphically here, but they are available from
the authors.

Conclusions
Using a standard state-space approximation to Theodorsen aero-

dynamics in a model developed in Refs. 1 and 2, the behavior of a
three-degree-of-freedom typical airfoil section has been studied via
numerical time integration,with the focus on the effects of the mean
or steady angle of attack. A rich variety of nonlinear behavior has
been observed; the main tendency displayed by the system as the
angle of attack increases was the transition from the predominance
of LCOs to a static de� ection.

Note, � nally, that the magnitudeof the � ap motion is of the order
of the freeplay gap ±. For a typical airfoil, ± is of 1 deg or less.
Similarly, the pitch motion is of the order of the freeplay gap ±,
and the plunge motion is of the order of the freeplay gap times
airfoil chord. Hence, the motions involved are suf� ciently small
that classical linear aerodynamic theory is still valid, and thus we
have used Theodorsen’s theory in the present Note. The numerical
accuracy of the results shown is well within the dimensions of the
symbols plotted in the two � gures.
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Introduction

E IGENDERIVATIVES are extremelyuseful for determiningthe
sensitivities of dynamic responses to system parameter varia-

tions. A wide class of physical systems can be approximated by
systems of ordinary linear differential equations with periodic co-
ef� cients. Unlike the systems with constant coef� cients whose sen-
sitivity analysis techniquesare well known, the sensitivity analyses
of these periodic coef� cient equations are somewhat less familiar.
In general, the methods developed for the constant systems are not
applicable for periodic coef� cient systems because the closed form
of a Floquet transition matrix is generally unavailable. Usually the
� nite difference approach is used to calculate the sensitivities.This
approachis easy to implementbut costlybecauseof heavycomputa-
tion time.Also,a properstepsize is sometimesdif� cult to determine.
Lim and Chopra1 employed a chain rule differentiationapproach to
obtain the derivatives of a Floquet transition matrix Q with respect
to parameters, which is more ef� cient than the � nite difference ap-
proach for calculating the derivatives of the eigenexponents.Later,
Lu and Murthy2 introduced the direct analytical approach, and it
made the sensitivity analyses of periodic coef� cient systems much
more effective. This Note extends the method of Lu and Murthy to
the cases in which the period T can be dependent on the system
parameters.

Theory of Periodic Coef� cient Systems
A general homogeneous, � rst-order periodic coef� cient system

is

Px.t/ D A.t/x.t/ (1)

where A.t/ is an n £ n periodic matrix, with period T , and x.t/ is a
column vector of state variables. One set of the solutions of Eq. (1)
can be of the form

x.t/ D U .t/x.0/ (2)

where U .t/ is a standard fundamental solution matrix or state tran-
sition matrix. The Floquet theorem3 states that U .t/ can be of the
form

U .t/ D P.t/eKt ; P.0/ D I (3)

where P.t/ is an invertibleperiodicmatrix of ordern, with period T ,
whereas K is a steadyn £ n matrix that can be parameterdependent.
When t D T , we have

x.T / D U .T /x.0/ (4)

From Eq. (3), we obtain

x.T / D eKT x.0/ (5)

Hence,

U .T / D eKT (6)

De� nition: If U .T / andK are theFloquet transitionmatrix and the
steady matrix of a periodic system, then their eigenvalues are said
to be multipliers and eigenexponentsof the system, respectively.
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Let ¸1; ¸2; : : : ; ¸n be the eigenexponents of the system and
½1; ½2; : : : ; ½n be themultipliersof the samesystem.Then½k D e¸k T ,
k D 1; : : : ; n.

Hence,

¸k D .1=T / ½k D ®k C i!k ; k D 1; : : : ; n (7a)

From which the real and imaginary parts of ¸k can be given by

®k D .1=2T /
£
.½k /2

R C .½k /2
I

¤

(8)

!k D 1
T

tan¡1

µ
.½k/I

.½k /R

¶

Because tan¡1 is multivalued, !k can be obtained only as a basic
frequency !¤

k plus or minus any integer multiple of 2¼=T ; hence,

¸k D ¸¤
k C i.2m¼=T / (7b)

where the principal eigenexponent¸¤
k D ®k C i!¤

k . As in Refs. 1 and
2, suppose that the latent roots of K are distinct. Then there exist
complete biorthonormal left and right eigenvector sets

L D
¥

l.1/

::: l.2/

::: ¢ ¢ ¢
::: l.n/

¦
; R D

¥
r.1/

::: r.2/

::: ¢ ¢ ¢
::: r.n/

¦

such that

.K ¡ ¸k I/r.k/ D 0; lT
. j/.K ¡ ¸ j I/ D 0; j; k D 1; : : : ; n

(9a)

LT R D I; LT KR D diag.¸1; ¸2; : : : ; ¸n/ D K (9b)

From Eq. (9b), we obtain

LT eKt R D eLT KtR D e3t (10)

which can be written, using Eq. (8), as

LT eKt R D diag
k

fexp.®k t/[cos.!k t/ C i sin.!k t/]g (11)

Then one has another form of the solution set:

x.t/ D P.t/R diag
k

fexp.®k t/[cos.!k t/ C i sin.!k t/]gLT x.0/ (12a)

Introducing the periodic modal matrix2

U.t/ D P.t/R (13)

then

x.t/ D U.t/diag
k

fexp.®k t/[cos.!k t/ C i sin.!k t/]gLT x.0/ (12b)

It is clear that the stabilityof the trivial solutionof a periodic system
is determinedby ®k . The imaginarypart!k representsthe frequency.
Reference 4 states that part of the periodicityof the motion is in the
root !k and part in the periodic function U.t/, which adjusts itself
accordingly.

Eigenvalue Derivatives
Substituting Eq. (12b) into Eq. (1) and eliminating the nonzero

factor,

diag
k

fexp.®k t/[cos.!k t/ C i sin.!k t/]gLT x.0/

thegoverningequationof theperiodicmodalmatrixU.t/ is derived:

PU.t/ D A.t/U.t/ ¡ U.t/ K (14)

DifferentiatingEq. (14) with respect to design parameter p yields

PU;p.t/ D A;p.t/U.t/ C A.t/U;p.t/ ¡ U; p.t/K ¡ U.t/ K ;p (15)

It is convenient that another nonsingular periodic matrix V.t/ is
introduced such that

VT .t/U.t/ D I (16)

Premultiplying Eq. (15) by VT and differentiating Eq. (16) with
respect to time, we have

VT .t/ PU;p.t/ D V.t/T A;p.t/U.t/ C V.t/T A.t/U;p.t/

¡ V.t/T U;p.t/ K ¡ K ;p (17)

PVT .t/U.t/ C VT .t/ PU.t/ D 0 (18)

Utilizing Eqs. (14) and (18), we obtain

PVT .t/ D ¡VT .t/A.t/ C K VT .t/ (19)

Right multiplying Eq. (19) by U;p.t/ gives

PVT .t/U;p.t/ D ¡VT .t/A.t/U;p.t/ C 3VT .t/U;p.t/ (20)

Equation (17) added to Eq. (20) makes

PH D VT .t/A; p.t/U.t/ C . K H ¡ H K / ¡ K ;p (21a)

or

Ph j k D vT
j A;puk C .¸ j ¡ ¸k/h j k ¡ ¸k;p± j k; j; k D 1; : : : ; n

(21b)

where

H[h jk ] D VT .t/U;p.t/ (22)

If the matrix H has been found, then the sensitivity of the periodic
modal matrix can be acquired:

U;p.t/ D U.t/H.t/ (23)

Letting j D k in Eq. (21b) gives

¸k; p D vT
k A; puk ¡ Phkk ; k D 1; : : : ; n (24)

Integrating Eq. (24) over one period T and noting that eigenexpo-
nents are independentof time, then the sensitivityof eigenexponent
¸k can be found as follows:

¸k; p D
1
T

Z T

0

vT
k A; puk dt ¡

1
T

[hkk.T / ¡ hkk.0/]

k D 1; : : : ; n (25)

where H[h jk ] is equivalent to the matrix [@´ jk .t/=@p] in Ref. 2. The
authors of Ref. 2 considered that [@´ jk .t/=@p] must be a periodic
function of time; however, this is not always true.

Key theorem: For a generalperiodic functionmatrix G.t; p/, with
period T . p/, the derivativewith respect to design parameter p is of
the form

G;p.t/ D PG.t/T;p C G;p.t C T /; T;p ´
dT

dp

Proof: By derivative de� nition,

G;p.t/ D lim
1p ! 0

G.t ; p C 1p/ ¡ G.t ; p/

1p

D lim
1p ! 0

G[t C T .p C 1p/; p C 1p] ¡ G[t C T .p/; p]
1p

D lim
1p ! 0

G[t C T .p C 1p/; p C 1p] ¡ G[t C T .p/; p C 1p]

1p

C lim
1p ! 0

G[t C T . p/; p C 1p] ¡ G[t C T .p/; p]
1p

D PG.t/T;p C G;p.t C T /

By the theorem, we have

U;p.t/ D PU.t/T; p C U;p.t C T / (26)

where PU.t/ 6D 0. [If PU.t/ D 0, it follows that A ´ K, and then the
systemwill becomethe onewith a constantcoef� cient.However,we
considerthe systemswith periodiccoef� cient A.t/ here.]Therefore,
U;p.t/ is periodic (with period T ), and so is H[h j k] if and only if
T;p D 0.
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Substituting Eq. (26) into Eq. (22) gives

H.t/ D VT .t/[ PU.t/T;p C U;p.t C T /] (27)

and taking note of

H.t C T / D VT .t/U;p.t C T / (28)

hence, one can obtain

H.t C T / ¡ H.t/ D ¡VT .t/ PU.t/T;p (29)

Substituting Eq. (14) into Eq. (29) yields

H.t C T / ¡ H.t/ D ¡.VT AU ¡ 3/T;p; 8t 2 [0; 1/ (30)

Consequently,

H.T / ¡ H.0/ D [K ¡ LT A.0/R]T;p (31a)

or

h jk .T / ¡ h jk .0/ D
£
¸k± jk ¡ lT

j A.0/rk

¤
T;p (31b)

Letting j D k and substituting the result obtained into Eq. (25), we
obtain

¸k;p D 1
T

Z T

0

vT
k A;puk dt ¡ 1

T

£
¸k ¡ lT

k A.0/rk

¤
T;p

k D 1; : : : ; n (32)

It should be noted that, if T;p D 0, i.e., the period is independent
of design parameters, then the formulas become exactly the one
developed by Lu and Murthy.2 In practical engineering, however,
the period T included in the equationswith periodic coef� cients are
sometimes dependent on the system variables.5¡7 From Eq. (7b),
it can be seen that ¸k;p is nonunique when T is dependent on p.
However, the derivative of its real part ®k;p is unique, as is ½k;p .

From Eqs. (7) and (32), it follows that

¸k;p D
¡
®k C i!¤

k

¢
;p

C .i2m¼=T /; p D ¸¤
k;p ¡ i.2m¼=T 2/T;p

k D 1; : : : ; n (33)

The derivatives of the principal eigenexponents¸¤
k are

¸¤
k;p D 1

T

Z T

0

vT
k A;puk dt ¡ 1

T

£
¸¤

k ¡ lT
k A.0/rk

¤
T;p

Sensitivity of the Periodic Modal Matrix
To obtain U.t/;p from Eq. (23), one has to know H[h jk ].
Letting j 6D k in Eq. (21b) yields

Ph j k D vT
j A;puk C .¸ j ¡ ¸k/h jk ; j 6D k; j; k D 1; : : : ; n

(34)

The general solution of Eq. (34) can be written as

h j k.t/ D e.¸ j ¡ ¸k /t

µ Z ¡
vT

j A;puk

¢
e.¸k ¡ ¸ j /t dt C Qc

¶
(35)

The followingnew procedureis suggestedto determinethe constant
Qc in Eq. (35).

Averaging Eq. (34) over one period yields
³

1
T

´
[h jk .T / ¡ h jk .0/] D .¸ j ¡ ¸k/Qh jk C

³
1
T

´ Z T

0

vT
j A;puk dt

(36)

where

Qh jk ´
³

1
T

´ Z T

0

h jk .t/ dt

Substituting Eq. (31b) into Eq. (36) gives

Qh j k D
1

.¸k ¡ ¸ j /T

µ Z T

0

vT
j A;puk dt C lT

j A.0/rk T;p

¶
; j 6D k

(37)

AveragingEq. (35) over one period and equating the result acquired
to Eq. (37), then the constant Qc can be uniquely determined and
thereby the whole off-diagonal elements of H[h jk ] are uniquely
determined.

To calculate the diagonal elements of H[h jk ], because the condi-
tion in Eq. (9b) does not uniquely determine the columns in R, we
can impose a suitable normalized condition as follows:

rT
k rk D 1; k D 1; : : : ; n (38)

DifferentiatingEqs. (38) and (13) with respect to p, we have

rT
k rk;p D 0 (39)

U;p.t/ D P;p.t/R C P.t/R;p (40)

Letting t D 0 in Eqs. (13) and (40), we obtain

U.0/ D R; U;p.0/ D R;p (41)

Using Eqs. (23) and (41) written for t D 0, we get

R;p D RH.0/ (42a)

or

£
r1;p

::: r2;p

::: ¢ ¢ ¢
::: rn;p

¤
D

£
r1

::: r2

::: ¢ ¢ ¢
::: rn

¤
[h jk .0/]

(42b)

Using the multiplication of partitioned matrices gives

rk; p D
nX

j D 1

r j h jk .0/ (43)

Substituting Eq. (43) into Eq. (39) yields

nX

j D 1

rT
k r j h j k.0/ D 0 (44)

Utilizing Eq. (38) we get

hkk.0/ D ¡
X

j 6D k

rT
k r j h jk .0/; k D 1; : : : ; n (45)

Thus, the whole hkk.0/, k D 1; : : : ; n have been determined
uniquely.

From Eq. (24) we obtain

hkk .t/ D
Z t

0

vT
k A;puk d’ ¡ t¸k;p C hkk .0/ (46)

Thereby, the whole elements of H[h j k] have been acquired.Finally,
the derivativeof the periodic modal matrix with respect to a system
parameter p follows from Eq. (23).

Example
A single example is used to validate the present generalization,

of which the closed-form analytical solution can be found.
Consider a linear and periodicsystem governedby Eq. (1), where

A.t/ D

"
a C i.a C b/ cos 2at ¡ab C ib.a C b/ sin 2at
a

b
C i

a C b

b
sin 2at a ¡ i.a C b/ cos 2at

#

and T D ¼=a, and a and b are the system parameters.Therefore, the
period T is dependent on the design variable a. The solution of this
system can be acquired as

X.t/ D

2

4
cos at ¢ eiat ¡b sin at ¢ e¡iat

1
b

sin at ¢ eiat cos at ¢ e¡i at

3

5
µ

e.a C ib/t

e.a ¡ ib/t

¶
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Table 1 Derivatives of eigenexponents

Analytic Present Lu and Murthy’s
Eigenexponent solution method method2

¸;a 1 1 1 § i
¸;b §i §i §i

Obviously,theprincipaleigenexponentsand theeigenvectorcom-
plete sets of K are

¸ D a § ib; R D L D I

Hence,

VT .t/ D

2

4
cosat ¢ e¡iat b sinat ¢ e¡iat

¡1
b

sin at ¢ eiat cosat ¢ eiat

3

5

U.t/ D

2

4
cos at ¢ eiat ¡b sin at ¢ e¡iat

1
b

sin at ¢ eiat cos at ¢ e¡i at

3

5

By calculation, we have

1
T

Z T

0

vT
1 A;au1 dt D 1 C i; ¡ 1

T

£
¸1 ¡ lT

1 A.0/r1

¤
T;a D ¡i

1
T

Z T

0

vT
2 A;au2 dt D 1 ¡ i; ¡ 1

T

£
¸2 ¡ lT

2 A.0/r2

¤
T;a D i

1
T

Z T

0

vT
1 A;bu1 dt D i; ¡ 1

T

£
¸1 ¡ lT

1 A.0/r1

¤
T;b D 0

1
T

Z T

0

vT
2 A;bu2 dt D ¡i; ¡

1
T

£
¸2 ¡ lT

2 A.0/r2

¤
T;b D 0

Thus, we obtain Table 1.
Obviously, when the period T depends on the parameter to be

investigated,Lu and Murthy’s method for computing the derivatives
of eigenexponents is not applicable. As for the derivatives of the
periodic modal matrices, by making use of the analytical method
and the present formulas, respectively, we would obtain the same
results, as follows:

Ha D

"
i t ¡tbe¡i2at

t

b
ei2at ¡i t

#

U;a D
2

4
.¡t sin at C i t cosat/eiat .¡tb cos at C i tb sinat/e¡iat³

t

b
cosat C i

t

b
sinat

´
eiat .¡t sinat ¡ i t cos at/e¡iat

3

5

Hb D

2

4 ¡ 1
b

sin2 at ¡sin at cos at ¢ e¡i2at

¡ 1
b2

sin at cos at ¢ ei2at 1
b

sin2 at

3

5

U;b D

"
0 ¡sin at ¢ e¡iat

¡ 1
b2

sin at ¢ eiat 0

#

According to Eq. (22), where Hb D VT U;b ,

Ha D VT U;a

Conclusions
This Note establisheda key theoremto show that the derivativeof

a periodicfunctionwith respect to the system parameter is generally
no longer a periodic function when the period T is dependent on
this parameter. A new procedure used to determine the constant

Qc in Eq. (35) has been suggested; it substituted for the periodicity
condition given by Eq. (27b) in Ref. 2 during T;p 6D 0.

The present generalizationpreserved all of the advantages of the
direct analytical approach, and its effectiveness was demonstrated
by an example.
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I. Introduction

B ECAUSE of the mismatch of the elastic properties between
plies, serious stress concentration/singularityhappens near the

freeedgesof compositelaminates,requiringfully three-dimensional
stress � eld modeling. The interlaminar stresses at free edges may
cause delamination and laminate failure. Thus, the determination
of these stresses is an important issue in the strength analysis and
design of laminates.

Exact elasticitysolutions for interlaminarstresseswith free edges
do not exist, and researchers have used analytical and numerical
methods. However, accurate and ef� cient methods that satisfy all of
the boundary and interface continuity conditions are rare.

After Spilker and Chou1 demonstrated the importance of satis-
fying the traction-free conditions at the edges, stress-based meth-
ods were proposed. These methods divide stress functions into in-
plane and out-of-plane functions. With appropriate stress function
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